
RE-26 
OPTIMUM MIXING OF GYROSCOPE 

AND STAR TRACKER DATA 

J.E. Potter 
Experimental Astronomy Laboratory 

and 
W.E. Vander Velde 

February 1967 

by 

I Department of Aeronautics and Astronautics 

EXPERIMENTAL ASTRONOMY LABORATORY 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY 

C A M B R  I D G  E 39, M A S S A C H U S E T T S  

m i  n p~ 0 (> rt , " r  , \  
m 

I --__ 
o 

imf3 d - 3 J . I  n 8 2 
r ( A C C E S S I O N  N U V B E R )  __ (T H R UT--- 

.-7 f- 



I -  

RE-26 

OPTIMUM MIXING OF GYROSCOPE 

AND STAR TRACKER DATA 

by 

J. E.  Potter 
E x p e r i m e n t a l  As t ronomy L a b o r a t o r y  

and  

W. E. Vander  Velde 
Depar tment  of Aeronaut ics  a n d  A s t r o n a u t i c s  

F e b r u a r y  1967 

EXPERIMENTAL ASTRONOMY L’ABORATOR Y 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY 

CAMBRIDGE, MASSACHUSETTS, 02139 

Approved: w. Ha* 
D i r e c t o r  \ 

E x p e r i m e n t a l  A s t r o n o m y  L a b o r a t o r y  



OPTIMUM MIXING OF GYROSCOPE AND STAR TRACKER DATA 

J. E. P o t t e f l  and W. E. Vander Veldet 

Massachusetts I n s t i t u t e  of  Technology 

Cambridge, Massachusetts 

ABSTRACT 

The problem of  optimum u t i l i z a t i o n  of  star t r a c k e r  
data t o  monitor and co r rec t  f o r  the d r i f t  o f  a gyro 
s t a b i l i z e d  o r i e n t a t i o n a l  re ference  platform i s  addressed 
us ing  minimum variance es t imat ion  theory.  
conf igura t ion  is arranged t o  make the d r i f t  compensation 
problem Independent of  base motion i s o l a t i o n  e r r o r s  o r  
the dynamics of  the platform servo d r i v e  system. A 
complete a n a l y t i c  s o l u t i o n  t o  the problem i s  given with 
star t r a c k e r  e r r o r s  modeled as wide band n o i s e  and gyro 
d r i f t  rate modeled as a random walk. The time h i s t o r i e s  
of the required system gains  and the e r r o r  var iances  are 
ca l cu la t ed  and p l o t t e d  f o r  the  case of  no p r i o r  information 
regarding gyro d r i f t  rate o r  o r i e n t a t i o n a l  e r r o r ,  and f o r  
the case of  no p r i o r  information on o r i e n t a t i o n a l  e r r o r  
but steady s ta te  knowledge o f  gyro d r i f t  ra te  due t o  prev i -  
ous s t a r  t racking .  These r e s u l t s  should be usefu l  as a 
guide t o  the design of stellar-aided i n e r t i a l  platforms 
and as a r e fe rence  aga ins t  which t o  compare their  perform- 
ance. 

The system 
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INTRODUCTION 

Among the poss ib l e  means o f  holding an i n e r t i a l  

o r i e n t a t i o n  re ference  on board an aerospace vehicle ,  the 

most useful techniques a r e  gyroscope s t a b i l i z a t i o n  and 

t r a c k i n g  the lines of  sight t o  stars. Each technique has 

i t s  major s t r e n g t h  and weakness - and these charac te r -  

i s t i c s  t end  t o  complement each o the r .  The gyro provides  

wide bandwidth information about angular  r o t a t i o n s  w i t h  

r e spec t  t o  i n e r t i a l  space. A gimbaled platform servo- 

dr iven  t o  n u l l  the outputs  of  such gyros can maintain an 

i n e r t i a l  re fe rence  o r i e n t a t i o n  t o  good accuracy even i n  

the presence o f  high frequency r o t a t i o n s  o f  the veh ic l e  

which carries the platform. I n  long-term opera t ion ,  

however, the gyro suffers from d r i f t  which, although it 

may be a very small  angular  rate, becomes s i g n i f i c a n t  

when i n t e g r a t e d  over  a long t i m e .  A star t r a c k e r ,  on the 

other hand, senses  the l i n e  of s i g h t  t o  a s ta r  and i n d i c a t e s  

an i n e r t i a l  r e f e rence  d i rec t ion-  with a q u a l i t y  which does 

n o t  d e t e r i o r a t e  with time. The bandwidth o f  a star tracker 

s t a b i l i z e d  platform i s ,  however, more r e s t r i c t e d  than t h a t  

of a gyro s t a b i l i z e d  platform - and the attempt t o  i n c r e a s e  

the  bandwidth o f  such a system i s  i n e v i t a b l y  accompanied 

by an increased  t r a n s f e r  of  d e t e c t o r  and o t h e r  noise .  
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The complementary c h a r a c t e r i s t i c s  o f  these two types 

of s t a b i l i z a t i o n  system lead  one n a t u r a l l y  t o  cons ider  a 

combination system: a gyro s t a b i l i z e d  platform which pro- 

v ides  wide band i s o l a t i o n  from veh ic l e  r o t a t i o n s ,  and a 

star tracker which provides a long-term o r i e n t a t i o n a l  refer- 

ence. Such a system is shown i n  func t iona l  diagram form 

In Fig. 1. The star t r acke r  provides  a noisy  measure of  

the  platform e r r o r  angle.. From th i s  i n d i c a t i o n  is derived 

a signal which produces a torque on the platform-mounted 

gyro. The purpose o f  t h i s  commanded torque is t o  balance 

the gyro d r i f t  as well as poss ib le ,  and thus t o  maintain 

the s t a b i l i z a t i o n  e r r o r  small over  the per iod o f  system 

opera t ion .  

The problem t o  which t h i s  paper i s  addressed is the 

design of the D r i f t  Compensation Function as shown i n  

F i g .  1. What is the b e s t  f unc t iona l  r e l a t i o n s h i p  t o  use 

In der iv ing  the gyro torquing s i g n a l  from the star tracker 

I n d i c a t i o n  of  e r r o r  angle? And what are the b e s t  numerical 

values of the parameters i n  t h i s  funct ion? Stat is t ical  

f i l t e r i n g  theo ry  provides the answers t o  these ques t ions  

I f  "best" is i n t e r p r e t e d  a s  minimum RMS e r r o r s .  Stel lar-  

a ided i n e r t i a l  systems have been discussed i n  previous 

papers . 
on an i n t u i t i v e  basis and ca l cu la t ed  the r e s u l t i n g  per- 

Blumhagen' s e l ec t ed  the D r i f t  Compensation Function 
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3 formance of  the complete naviga tor .  Dusek assumed that 

the use o f  star t r a c k i n g  rendered gyro d r i f t  unimportant 

and employed Kalman f i l t e r i n g  t o  estimate accelerometer  

bias. 

optimum s o l u t i o n  t o  the problem of  s te l la r  monitoring of 

a gyro s t a b i l i z e d  platform with a f a i r ly  r e a l i s t i c  mathe- 

matical model of  the physical s i t u a t i o n .  The a n a l y t i c  

s o l u t i o n  permits one t o  design the D r i f t  Compensation 

Function immediately f o r  s ta r  trackers and gyroscopes of  

any q u a l i t y  and f o r  any degree o f  p r i o r  information about 

the s t a b i l i z a t i o n  e r r o r  and gyro d r i f t  rate.  

The con t r ibu t ion  of t h i s  paper i s  an a n a l y t i c  

THE MODEL OF THE PROBLEM 

Maintaining an o r i e n t a t i o n a l  r e fe rence  i s  a three- 

axis problem, but with t h e  understanding that  a l l  three 

axes are w e l l  s t a b i l i z e d ,  the problem can be treated as 

a set  of  three e s s e n t i a l l y  uncoupled s t a b i l i z a t i o n  

problems. 

The gyro s t a b i l i z e d  platform involves  the dynamics o f  

the servo loop which d r ives  the gimbal-mounted platform 

so as t o  null the  output  o f  the gyro. 

o r i e n t a t i o n  may be i n  e r r o r  due both t o  the f a i l u r e  o f  

t h i s  servo  t o  hold the gyro output  angle  at n u l l  and t o  

the f a c t  that  an e r r o r  might s t i l l  e x i s t  even i f  the  plat-  

The s i n g l e  a x i s  problem' i s  considered here 

The platform 

form were r o t a t e d  t o  n u l l  the  gyro output .  The former i s  
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the base motion i s o l a t i o n  e r r o r  which i s  the  r e spons ib i l -  

i t y  o f  t he  gimbal d r i v e  servo system. T h i s  system i s  

wide band, and the base motion i s o l a t i o n  f’unction cannot 

e f f e c t i v e l y  be improved b y  use o f  star t r a c k e r  data. 

second source of  error,  that  which would e x i s t  even i f  

the  gimbal d r i v e  servo brought the gyro output  angle  t o  

zero, w i l l  be called the s t a b i l i z a t i o n  re ference  e r r o r .  It 

I s  due t o  i n i t i a l  condi t ion e r r o r s  and accumulated gyro 

d r i f t ,  This  i s  the  e r r o r  which the star t r a c k e r  i s  used 

t o  c o n t r o l ,  The s t a b i l i z a t i o n  r e fe rence  e r r o r  i s  w r i t t e n  

The 

The no ta t ion  i s  def ined i n  Fig. 1. This i s  the platform 

e r r o r ,  e,- 8 p  I with the gyro output  angle ,  a .  , added. 

Addition of  the known part of the s t a b i l i z a t i o n  e r r o r ,  

e l imina te s  t he  dynamics of base motion i s o l a t i o n  from the 
03 ’ 

problem. 

The dynamics of  t h e  gyro are tr ivial  i n  t h i s  problem 

which i s  concerned with long-term e r r o r s ,  so the rate o f  

change o f  gyro angle  i s  that o f  the platform, p l u s  the 

precess ion  due t o  the torquing s i g n a l ,  plus the  d r i f t  rate, D. 

= q + ~ +  D % 
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Noting tha t  the star l i n e  angle is f ixed,  the  ra te  o f  change 

of s t a b i l i z a t i o n  re ference  e r r o r  is  found from (1) and ( 2 )  

t o  be 

Gyro d r i f t  is usua l ly  modeled as having a random 

component p lus  components which depend both l i n e a r l y  and 

q u a d r a t i c a l l y  on t h e  a c c e l e r a t i o n  of t h e  instrument.  In  

t h i s  problem, we model only the random component, which 

impl ies  e i ther  space f l i g h t  ope ra t ion  i n  free f a l l ,  o r  

adequate c a l i b r a t i o n  of  t h e  s p e c i f i c  fo rce  dependent com- 

ponents.  The random d r i f t  ra te  might be modeled i n  d i f -  

f e r e n t  ways, but t h e  most important c h a r a c t e r i s t i c  I s  a 

random walk . Use of j u s t  a random walk t o  model the gyro 

d r i f t  ra te  permits  an a n a l y t i c  s o l u t i o n  and preserves  the  

dominant n a t u r e  o f  t he  problem. 

2 

* .  

D = n ( t )  , 

(4) n ( t )  = an unbiased white n o i s e  

The c o e f f i c i e n t ,  N, i n  the au tocor re l a t ion  func t ion  for  

the white no i se  is a l s o  t h e  ( cons t an t )  power s p e c t r a l  

d e n s i t y  for t h e  n o i s e .  I t s  numerical v a l u e  is b e s t  d e t e r -  

mined from the result ing mean squared value o f  gyro d r i f t .  

( D  ( t ) 2 }  = Nt 



Thus, f o r  example, i f  the RMS d r i f t  rate af ter  one hour o f  

opera t ion  following c a l i b r a t i o n  were supposed t o  be 

loo2 deg/hr, the appropr ia te  value of  N would be loD4 
2 -3 de@; h r  . 

The s ta r  t r a c k e r  i n d i c a t e s  the angular  e r r o r  between 

the star l i n e  and the platform re fe rence  l i n e .  But  t h i s  

I n d i c a t i o n  i s  corrupted with no i se  which is  considered 

add i t ive .  No i n i t i a l  f i l t e r i n g  o f  the  n o i s e  i s  presumed 

done as any desirable f i l t e r i n g  w i l l  appear i n  the D r i f t  

Compensation Function t o  be  determined. 

I s  SXP&V wide b m d  compared x l t h  the bandwidth of the 

ove r -a l l  system, and can reasonably be approximated as a 

Hence, the n o i s e  

white noise .  

r ( t )  = unbiased white no i se  ( 6 )  

The a c t u a l  s t a r  t r a c k e r  noise  i s  a wide band no i se  rather 

' t h a n  a t r u l y  white noise ,  and R i s  chosen t o  be the power 

d e r p i t y  of the a c t u a l  no ise  i n  the low frequency region. 

The system diagram corresponding t o  t h i s  model i s  

shown i n  Fig. 2, 
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THE FORM OF TKE COMPENSATOR 

The e r r o r  compensation i s  der ived  by first deter- 

mining the optimum estimate o f  the s t a b i l i z a t i o n  refer- 

ence e r r o r  from the star t r a c k e r  i n d i c a t i o n ,  and then 

developing a gyro torquing s i g n a l  which w i l l  d r i v e  the 

estimated e r r o r  t o  zero. The minimum variance e s t ima to r  

as derived by Kalman and Bucy' has the  following general  

f om: 

System dynamics: - : = F x + [ T o ] t G n  

Measurement: m = t + b + - r  c 

covariance equation: E = F E  t E. F ~ +  G N G ~ -  EH'R-'HE 

A l l  e r r o r s  are considered t o  have zero meaii, o r  t o  have 

mean values  c a l i b r a t e d  out .  The gyro torquing s i g n a l ,  T, 

appears  both i n  the system dynamics and i n  the  est imator .  

The gyro i s  presumed t o  respond p e r f e c t l y  t o  t h i s  command; 

thus it plays  no r o i e  i n  the es t imat ion  process.  The 

p r e s e n t  problem i s  put i n t o  t h i s  general  form by means o f  

the following d e f i n i t i o n s :  

x =[;I 
0 'I 

m = ee 

= [:I H =  [ I  01 
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I -  

,- 

The separate elements of  the  covariance mat r ix  f o r  the 

es t imat ion  e r r o r s  a r e  a l s o  i d e n t i f i e d .  

= < & - e e l Z )  r ' e,, 

e , ,  - e , ,  

e%, 

= < & - O & t - D ) }  E =  - 

= < ( & D ) 2 )  p a ,  

Use o f  t h e  d e f i n i t i o n s  (11) and( l2)  i n  ( 9 )  gives  

These are the d i f f e r e n t i a l  equat ions f o r  the optimum e s t i -  

mates o f  the s t a b i l . i z a t i o n  re ference  error and gyro d r i f t  

rate r e spec t ive ly .  

Rather than j u s t  es t imate  the s t a b i l i z a t i o n  r e f e r -  

ence e r r o r ,  we wish t o  dr ive  the estimated e r r o r  t o  zero.  

The gyro torquing s ignal  i s  used f o r  t h i s  purpose. Gen- 
h . A  

erate T so t ha t  = 0 at  a l l  times; hence d 8, = 0 
d t  

also. Equations (13) and (14) then become 
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These equat ions de f ine  t h e  desired r e l a t i o n  between the  

star t r a c k e r  i n d i c a t i o n  o f  the s t a b i l i z a t i o n  re ference  

e r r o r  and the gyro torquing s i g n a l .  The block diagram 

of t h i s  D r i f t  Compensation Function is shown i n  Fig.  3. 

The optimum compensator i s  seen t o  be a parallel connec- 

t i o n  of a propor t iona l  and an i n t e g r a l  path. 

t i o n a l  ga in  i s  the  r a t i o  o f  t h e  mean squared e r r o r  i n  

the estimate o f  the error angle t o  the power dens i ty  of  

the measurement noise .  The better the q u a l i t y  o f  t he  

cu r ren t  estimate of 8,, the less propor t iona l  ga in  i s  

used t o  feed the star t r a c k e r  measurement forward. The 

The propor- 

i n t e g r a l  path results from the  estimate o f  t he  gyro d r i f t  

rate.  

rate estimate is  propor t iona l  t o  the c o r r e l a t i o n  between 

t h e  e r r o r s  i n  estimates o f  angle and d r i f t  rate. In- 

creased s ta r  tracker no i se  r e l a t i v e  t o  the es t imat ion  

e r r o r s  reduces both ga ins .  

pensa tor  provides  the i n f i n i t e  ga in  at zero frequency 

required t o  compensate t h e  i n f i n i t e  power d e n s i t y  of gyro 

The ga in  from the angle  measurement t o  the  d r i f t  

The i n t e g r a t o r  i n  the com- 
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(Note tha t  the power d e n s i t y  d r i f t  a t  zero frequency. 

spectrum of  the d r i f t  r a t e  i s  N 2  /w .) 

SOLUTION FOR THE GAINS 

The compensator i s  now defined i n  terms o f  the ele- 

ments of  the e r r o r  covariance matrix. The d i f f e r e n t i a l  
equat ion f o r  t h i s  matrix,  ( l o ) ,  has a known s o l u t i o n  form 4 , 
but the a n a l y t i c  manipulations are simpler i f  an a l t e r n a t e  

approach i s  taken. The problem can be reduced t o  the 

s o l u t i o n  of an a lgeb ra i c  matr ix  quadratic equat ion and a 

l i n e a r  mat r ix  d i f f e r e n t i a l  equation 6 . 
be a solution ef t h e  algebraic equation 

F i r s t ,  d e f i n e  S t o  

(17) 
T -1 FS +  SF^ + G N G ~  - SH R HS = o 

Then express E as 

E = S + & E  (18) 
The d i f f e r e n t i a l  equat ion f o r  SE is  found from (10) t o  be 

T -1 - 
6 k = F b E + & E % T - & E H R  H b E  

where - T -1 F = F - S H R  H 

Fina l ly ,  de f ine  

P = LE’’ 

Then the d i f f e r e n t i a l  equation f o r  P i s  
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p = -  P 6 5  P 
T -1 L 

E -  PF - %'P + H R H 
l '  ~ 

'I which is linear and has a known solution form. 

A particular solution, P, , t o  (22) is found by 

setting P = 0. This yields 

- 9  T -1 E)Oo F + F P ,  = H R  H (23) 

The complete solution to (22) can then be written 

P(t) = E(t) [P(O) - P-] 3!(t)T + P, (24) 

where S ( t >  is the state transitim matrix defined by 

I .5 

If the eigenvalues of - F lie in the left half plane, 
P,, corresponds to the steady state value of P(t). 

In general, equation (17) has (2n )  !/( n! )*  distinct 

solutions7 where n is the dimension of the state vector. 

Some of these solutions may be nonsymmetric o r  contain 

complex elements. 

to obtain equation (22) and hence the time history of E(t). 

Since the solution to equation (10) for a given initial 

condition is unique, the same time history will be obtained 

regardless of which solution of (17) is employed. 
state is observable by the measurements and controllzble 

by the process noise, equation (17) has unique positive 

and negative definite solutions (Ref. 6 for positive def- 

Any solution of (17) may be employed 

If the 
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I -  ~ 

r -  

i n i t e  s o l u t i o n ) .  

so lu t ions ,  the mat r ices  ? and -% r e s p e c t i v e l y  have eigen- 

values  i n  t he  l e f t  half  plane (correspond t o  stable sys- 

tems). 

the p o s i t i v e  and negat ive  d e f i n i t e  s o l u t i o n s  seem t o  be 

the easiest t o  work with. I n  the  present  problem, the 

negat ive  d e f i n i t e  s o l u t i o n  is employed i n  o rde r  t o  s impl i fy  

the formulation of the i n i t i a l  condi t ion  f o r  (22)  i n  case 

11. If the p o s i t i v e  d e f i n i t e  s o l u t i o n  had been employed, 

the i n i t i a l  value,  P(O), would have contained an i n f i n i t e  

For these  p o s i t i v e  and negat ive  d e f i n i t e  

From the s tandpoint  o f  algebraic manipulation, 

element and a l i m i t i n g  process would have t o  have been 

carried along throughout the  algebra. 

Having the  s o l u t i o n  f o r  P ( t ) ,  E ( t )  i s  w r i t t e n  

E ( t )  = S + P ( t ) ”  (26) 

For the problem at hand, the requi red  mat r ices  are 

defined by (11). R and N, i n  t h i s  case, are the scalar 

power d e n s i t i e s  f o r  the s t a r  tracker no i se  and the gyro 

d r i f t  random walk genera tor  r e spec t ive ly .  O f  the  two real 

symmetrical s o l u t i o n s  t o  (17) i n  t h i s  case, one is the  

p o s i t i v e  d e f i n i t e  s teady s ta te  value o f  the e r r o r  covari-  

ance matrix. 

- E, - 
I 

( N R V  
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Take S t o  be the negat ive  d e f i n i t e  s o l u t i o n .  

r 

Then given 

h* 

( 2 9 )  

and the s o l u t i o n  t o  (23)  i s  
2 0 - 3 4  N- '/ct R- 3/4 

L 

0 
p, 

It may be v e r i f i e d  t h a t  E, i s  proper ly  given by the  sum 

of  S and the inve r se  of P, . I n t e g r a t i o n  of (25) y i e l d s  

c o s a t  - sin at I a sln st 

- .L S i n  at S l h  a t  t cos a t  
A 

where 

The s o l u t i o n  w i l l  now be  w r i t t e n  ou t  f o r  two cases. 

Case I: No i n i t i a l  knowledge of e r r o r  angle o r  d r i f t  rate. 

One case  o f  p r a c t i c a l  importance i s  tha t  i n  which 

there is  no p r i o r  information on the  s t a b i l i z a t i o n  e r r o r  

a n g l e  o r  gyro d r i f t  rate. 

t h a t  the s ta r  be acquired within the  f i e l d  of view of- ' the  

O f  course, i t  is  necessary 
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s t a r  t r a c k e r ,  bu t  t ha t  f i e l d  i s  considered wide r e l a t i v e  t o  

t he  desired s t a b i l i z a t i o n  re ference  accuracy. Hence, the 

i n i t i a l  es t imat ion  e r r o r  var iances  are considered essen- 

t i a l l y  i n f i n i t e ,  o r  P(0) i s  the zero matrix. 

condi t ion  would typically apply when the system i s  first 

employed following a long delay s i n c e  a c a l i b r a t i o n .  

would be the case if the  platform were t o  be used i n  the 

v i c i n i t y  of  a p lane t  af ter  having been i n a c t i v e  during 

the journey from Earth. 

T h i s  i n i t i a l  

T h i s  

With P ( 0 )  = 0, equat ion (24) 

becomes 

where 

The s o l u t i o n  

- 2at 252 -2at  
I - (I + 2 S2-2S4 €J - - e  A 

s = s i n  at 

c = cos a t  

’ [ I -  (I +zsz+2sc)1 e -2st c 

20’ - 

(34) 

for E ( t ) ,  from equation (26), i s  

-la+ - q a t  
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Al te rna te  forms f o r  these expressions are 

These covariance matrix elements are p l o t t e d  i n  Fig.  4. 

The var iance of  t h e  s t a b i l i z a t i o n  r e fe rence  error, ell, and 

of knowledge of  gyro d r i f t  r a t e ,  e22, both start a t  i n f i n i t e l y  

large values  according t o  t h e  assumption o f  no p r i o r  i n f o m a -  

t i o n .  The i r  covariance, = e12 , does likewise. All 

elements reduce monotonically toward the i r  s t eady  state values ,  

coming wi th in  10 percent  of  t h e i r  f i n a l  values  i n  the neigh- 

borhood o f  a t  = 2. 

tion are propor t iona l  t o  ell and e21. 

of course,  be r e s t r i c t e d  t o  f i n i t e  values.  This l i m i t a t i o n  

should i n c u r  l i t t l e  loss o f  performance s i n c e  t h e  ideal pro- 

The ga ins  i n  the d r i f t  compensation func- 

These ga ins  would, 



I '  
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por t iona l  gain,  i s  within a f a c t o r  o f  100 times i t s  steady 

s ta te  value by a t  = 0.02. The i n t e g r a l  ga in  reaches t h i s  

same f a c t o r  by at  = 0.18. 

As an example of  the magnitude of  t he  i n v e r s e  time 

cons tan t ,  a, take N t o  be deg2 hr-3 which g ives  a 

d r i f t  rate random walk having an RMS value of  loo2 

deg/hr af ter  1 hour. Also, suppose the s tar  t r a c k e r  no i se  

is a wide band process  y i e ld ing  an RMS value of 1 millira- 

d i an  through a 1 cps bandwidth. 

For these values,  

R is then  10-6rad2sec. 

)" IO-' 3600 
4 10-6 ( 5 7 . 3 )  

With these i l l u s t r a t i v e  figures, the  t r a n s i e n t  per iod  f o r  

the covariance matrix elements and f o r  the  D r i f t  Compensa- 

t i o n  Function ga ins  i s  about one hour i n  dura t ion .  T h i s  

t r a n s i e n t  per iod  inc reases  i f  t he  performance o f  t h e  star 

tracker i s  degraded r e l a t i v e  t o  t ha t  of the gyro. 

Case 11: 

d r i f t  es t imat ion  a t  steady state. 

No i n i t i a l  knowledge o f  e r r o r  angle  but gyro 

T h i s  case  occurs whenever system opera t ion  has 

reached i t s  steady state,  and then a r e o r i e n t a t i o n  o f  the 

p la t form i s  c a l l e d  for .  If t h e  r e o r i e n t a t i o n  cannot be 
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accomplished with p rec i s ion ,  w e  may take the i n i t i a l  var iance  

of the  e r r o r  angle  t o  be e s s e n t i a l l y  I n f i n i t e  while the l n i -  

t i a l  variance,  of  the d r i f t  r a t e  estimate remains a t  i t s  

s teady  s t a t e  value.  

Now 

Using S from equation (28)  and t h e  i n i t i a l  condi t ions  (41), 

the  i n i t i a l  value of  P i s  independent o f  eZ1(0) and i s  found 

t o  be 

0 0 

PP)  = [ I 

g q 3 R  

Equation (24)  then g ives  
-2at 

I-  ( I -  x s c ) e  

(43) 

-!. s(c -s )e  
a - z q f  1 

u s i n g  the no ta t ion  (34).  

then  expressed by (26) as 

The covariance mat r ix  elements are 

- 2at 
I + ( I - Z S C  - 2 ~ 9 e  e,, = 2aR 
I - ( I -  2 s c  + 2s') e - z a t  (45) 
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I -  - 2a.t 
I - ( I +  z s c - 2 ~ 1 )  e e2 ,  = 2s' P 
I -  ( I -  1 s c + 2 S 2 )  e - Z a t  

-2at 
I -  w z s c - 2 s Z ) e  e,., = 4 a 3 k  

o r  a l t e r n a t i v e l y  as 

(471 

These covariance matrix elements are p l o t t e d  i n  

Fig. 5. 

ell, 
of the gyro d r i f t  ra te  estimate, e2*, starts a t  i t s  steady 

s ta te  value according t o  the prescr ibed i n i t i a l  condi t ions.  

The e r r o r  angle  var iance i n  t h i s  case converges within 10 

pe rcen t  o f  i t s  steady state value by about a t  = 0.5, 4 times 

faster than i n  Case I with no p r i o r  information about gyro 

d r i f t .  

f o r  at< 0.5, i s  v e r y  c l o s e l y  approximated by the ell t r a n s i e n t  

In Case I wi th  the time s c a l e  shortened by a f a c t o r  of 4. 

The var iance of the  s t a b i l i z a t i o n  re ference  e r r o r ,  

starts a t  an i n f i n i t e  i n i t i a l  value and the variance 

I n  f a c t ,  the  i n i t i a l  t r a n s i e n t  i n  ell i n  t h i s  case,  
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The value of p r i o r  gyro c a l i b r a t i o n  is c l e a r l y  evident .  

o t h e r  covariance matrix elements come within 10 percent  of 

t h e i r  steady s ta te  values a t  about a t  = 2 . Note t h a t  t h e  

ga in  from angle  measurement t o  d r i f t  ra te  estimate, which 

i s  propor t iona l  t o  eZ1, starts from a zero i n i t i a l  value.  

T h i s  is due t o  the poor i n i t i a l  knowledge o f  e r r o r  angle  

compared with the f i n i t e  var iance of  t he  i n i t i a l  d r i f t  ra te  

estimate. 

The 

" 

APPROXIMATE EXPRESSIONS FOR TKE GAINS 

The propor t iona l  gain i n  the D r i f t  Compensation 

Function, as ind ica t ed  i n  Fig. 3, is eil/R. The i n t e g r a l  

ga in  is e21/R. Exact a n a l y t i c  expressions f o r  these ga ins  

are thus  given by the covariance matrix expressions der ived  

above. 

system, approximate expressionsfor  these ga ins  which are of 

simpler form are suggested here.  

As an a i d  t o  p r a c t i c a l  implementation of such a 

) 2 -0 .7at  
at Propor t iona l  ga in  = 2~a ( I t - e (Case I )  

~ Z C C ( I + - L  e - Z s q t )  (Case 11) 2 at 

I n t e g r a l  ga in  (Case I) 
- 0.5at 

3 e  

(Case 11) 
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I .  

Over most of  the time i n t e r v a l  ( O . O l L a t < m  ) these ex- 

p res s ions  are i n  e r r o r  by less than a few percent .  

m a x i m u m  e r r o r  i n  t h i s  i n t e r v a l  i s  14.3 percent .  

The 

CONCLUSIONS 

The design o f  a star t r a c k e r  aided i n e r t i a l  o r i en ta -  

t i o n a l  re ference  system has  been determined which minimizes 

a t  every time the mean squared e r r o r  angle .  

t o  is  t h e  platform o r i e n t a t i o n a l  e r r o r  which would exis t  if 

the  s t a b i l i z a t i o n  servo system drove the gyro output  angle  t o  

zero.  The compensation o f  gyro d r i f t  i s  thus rendered inde- 

pendent o f  platform dynamics and imperfect base motion i s o l a -  

t i o n .  

sonable  s t a t i s t i c a l  cha rac t e r i za t ion  o f  the gyro d r i f t  ra te  

and the star t r a c k e r  noise .  

t o  t h i s  problem has been found which provides  a n a l y t i c  ex- 

p re s s ions  f o r  a l l  required system parameters as genera l  

f lrnctions of the r e l a t i v e  q u a l i t y  of  the gyro and s tar  t r acke r .  

These results should be  useful  as a guide t o  the design of  

p r a c t i c a l  systems of  t h i s  type and as a re ference  aga ins t  

which t o  compare t h e i r  performance. 

The e r r o r  referred 

The statement of  t he  design problem inc ludes  a rea- 

A complete a n a l y t i c  s o l u t i o n  
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FIGURE CAPTIONS 

1. Functional Diagram of Orientation Stabilization System 

2. Block Diagram of the System Model 

3. 

4. Covariance Matrix Elements 

The Optimum Drift Compensation Function 

Case I: N o  initial information 

5. Covariance Matrix Elements 

Case 11: No initial stabilization error information, 

gyro drift estimation at steady state 
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Figure 3 The Optimum Drift Compensation Function 
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